Sonoelasticity is a rapidly evolving medical imaging technique for visualizing hard tumors in tissues. In this novel. diagnostic technique, a low-frequency vibration is externally applied to excite internal vibrations within the tissue under inspection. A small stiff inhomogeneity in a surrounding tissue appears as a disturbance in the normal vibration eigenmode pattern. By employing a properly designed Doppler detection algorithm, a real-time vibration image can be made. A theory for vibrations, or shear wave propagation in inhomogeneous tissue has been developed. A tumor is modeled as an elastic inhomogeneity inside a 1ossy homogeneous elastic medium. A vibration source is applied at a boundary. The solutions for the shear wave equation have been found both for the cases with tumor (inhomogeneous case) and without tumor (homogenous case). The solutions take into account varying parameters such as tumor size, tumor stiffness, shape of vibration source, 1ossy factor of the material, and vibration frequency. The problem of the lowest detectable change in stiffness is addressed using the theory, answering one of the most critical questions in this diagnostic technique. Some experiments were conducted to check the validity of the theory, and the results showed a good correspondence to the theoretical predictions. These studies provide basic understanding of the phenomena observed in the growing field of clinical Sonoelasticity imaging for tumor detection.
INTRODUCTION

Palpation is a traditional tumor detection method that identifies abnormal regions of increased stiffness (elasticity).
But the method is limited to only those tumors which occur close to an accessible surface. Conventional medical imaging, including MRI, CT, mammography, and gray scale ultrasound, is insensitive to stiffness as an imaging parameter and often fails to reveal the extent or existence of tumors which, upon pathologic examination, are found to be palpably more stiff than surrounding normal tissues.
Sonoelasticity imaging is a method of "remote palpation" that identifies hard tumors. This technique combines externally applied vibrations with Doppler detection of the response throughout tissue, to indicate abnormal regions. We define Sonoelasticity as consisting of sinusoidal steady state vibrations, with externally applied stimulus, and production of modal patterns in some organs, and Doppler deteztion of vibration to generate an image. Sohoelasticity imaging is related to three much larger, older, and somewhat overlapping fields:
(1) the study of vibrating targets using coherent radiation (laser, sonar, and ultrasound) (Holen et al., 1985; Cox and Rogers, 1987; Taylor, 1976 Taylor, , 1981 , (2) the study of tissue elastic constants (biomechanics) (Fung, 1981; Levinson, 1987; Parker eta!., 1993) , and (3) the study of tissue motion using imaging systems (ultrasound, MRI, stroboscopes, and others) (Oestreicher, Inside both the homogeneous region (tissue) and the inhomogeneous region (tumor), the field vector satisfies the same wave equations (5), but with different Ct and C s . We assume that v and p do not vary significantly for tumor and normal tissues. The most distinguishable mechanical property that separates tumor from normal tissue is the stiffness E . Over the whole medium, we can write E as oe(x)=Eo+E'(x),
with I. THEORY
A. Tumor model
We begin by modeling a tumor as an elastic inhomogeneity inside a lossy homogeneous elastic medium. For example, the media stiffness is a constant E 0, except the small area around (xo,Yo) has the stiffness Eo+E'. When we apply boundary conditions and a driving vibration force, we want to compare the vibration patterns of this medium with and without the inhomogeneity.
B. Displacement wave equation
We start from the basic field wave equations. For a general linear and isotropic material, the displacement field vec- 
The two components satisfy, respectively, Vx•t=0, 
If we denote Co2= Eo/(2p( I + v) ),
y(x)=oe'(x)/e0.
then expression (9) could be simplified as = C2o(1 + (12) and y(x) should satisfy E'IE=y, in tumor area L}L•, around (x0,Y0
7(x)= 0, everywhere else.
03)
So instead of writing two shear wave equations for both the homogeneous and inhomogeneous region, we may write one equation for the entire medium:
We have chosen to concentrate on shear waves, since low-frequency longitudinal waves have wavelengths that are too large compared to organs of interest at the frequencies used in SOhOelasticity imaging (Parker and Lerner, 1992 The case of the homogeneous, lossless medium without source: For a homogeneous rectangle, on all four boundaries x=0, x=La, y=0, and y=L o, the displacement is prescribed as se=0 on rigid walls. 
Solution
The total wave will be For the inhomogeneous phantom, we show the images of two different vibration frequencies: 37 and 201 Hz (see Fig. 8 ). Notice tile black middle upper part is just where the inhomogeneity was located, and that region shows a visible deficit of vibration.
B. Computer simulations
To check tile validity of our theory, compnter simulations were compared with the experimenl results. The vibration plunger for the experiment was cone shaped; however; in computer simulations the boundary condition for that boundary was approximated as a Gaussian source. We assume this Gaussian source fitIls essentially to zero at the ends. The other three boundaries are rigid. The idea is demonstrated in Fig. I. 
Homogeneous case
The theory of tile case two, a homogeneous, 1ossy medium, was used to calculate the vib,-ation patterns for the homogeneous case study.
As the dimensions of onr homogencous phantom were 5.1 cm X4. (xo,Y0) was (3.0 cm, 2.3 cm). As the Young's ntodulus of the inhomogeneity was 4X that of the phantom, the y in Eq. (13) was 3. The 1ossy factor Q0 was empirically set to 3.0. The speed of sound was set to 2.8 m/s, and the Gaussian source width parameter a was set to 0.1. Equation (56) 
C. Energy curve
In the phantom experiments, we varied the vibration frequency from 20 to 400 Hz, while keeping the amplitude of the vibration source constant. We noticed that the vibration response of the phantom was frequency dependent. At some frequencies, the phantom showed greater response to the applied vibration, producing an increase in the brightness and extent of the green scale overlay. hi a hontogeneous phantom the two strongest response peaks were observed at source frequencies of 37 and 56 Hz. Referring to the energy curve subsection of Sec. I, we calculated the theoretical energy response for the conditions of this experiment. Figure 11 shows the energy curve for the case where L, = 5.1 cm and Lt,= 5.0 cm; the 1ossy factor is Q0=3, the speed of sound is 2.8 m/s, and the Gaussian source half-width parameter o• is 0.1. We can see that the highest two peaks are predicted to be at 35 and 59 Hz, which closely matches the two peaks observed in the experiment.
D. Applications to in vivo imaging
To further examine the ability of our theory, we conducted a liver scan experiment on a volunteer from whom informed consent had been obtained. Low-fi'equency (about 20 Hz) vibration was applied to the right side of the midab- the production of large well coupled modes at low vibration frequencies. Also, the disturbance produced by a discrete inhomogeneity is confirmed by theory and experiments. The whole liver has sufficiently homogeneous regions that can exhibit broad, low-frequency modal patterns. Bol:h theory and phantom experiments might be useful in optimizing vibration and imaging systems such that small, discrete, hard tumors can be routinely identified in clinical applications of SOhOelasticity imaging.
